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Abstract. A space Y is called an extension of a space X if Y contains X as 
a dense subspace. Two extensions of X are said to be equivalent if there is a 
homeomorphism between them which fixes X point-wise. For two (equivalence 
classes of) extensions Y and Y' of X let Y < Y' if there is a continuous 
function of Y' into Y which fixes X point-wise. An extension Y of X is called 
a one-point extension if Y\X is a singleton. An extension Y of X is called 
first- countable if Y is first-countable at points of Y\X. Let V be a topological 
property. An extension 7 of A" is called a V-extension if it has P. 

In this article, for a given locally compact paracompact space X, we con- 
sider the two classes of one-point Cech-complete P-extensions of X and one- 
point first-countable locally-? 3 extensions of X, and we study their order- 
structures, by relating them to the topology of a certain subspace of the 
outgrowth /3X\X. Here V is subject to some requirements and include cr- 
compactness and the Lindelof property as special cases. 



1. Introduction 

A space Y is called an extension of a space X if Y contains X as a dense subspace. 
If Y is an extension of X then the subspace Y\X of Y is called the remainder of 
Y. Extensions with a one-point remainder are called one-point extensions. Two 
extensions of X are said to be equivalent if there exists a homeomorphism between 
them which fixes X point- wise. This defines an equivalence relation on the class of 
all extensions of X. The equivalence classes will be identified with individuals when 
this causes no confusion. For two extensions Y and Y' of X we let Y < Y' if there 
exists a continuous function of Y' into Y which fixes X point- wise. The relation 
< defines a partial order on the set of extensions of X (see Section 4.1 of [16] for 
more details). An extension Y of X is called first- countable if Y is first-countable 
at points of Y\X, that is, Y has a countable local base at every point of Y\X. Let 
V be a topological property. An extension Y of X is called a V-extension if it has 
V . If V is compactness then "P-cxtcnsions are called compactifications. 

This work was mainly motivated by our previous work [5] (see [T], [7], [SJ, [H]> 
[l2j and [13] for related results) in which we have studied the partially ordered set 
of one-point P-extensions of a given locally compact space X by relating it to the 
topologies of certain subspaces of its outgrowth (3X\X. In this article we continue 
our studies by considering the classes of one-point Cech-complete 'P-extensions and 
one-point first-countable locally-?-' extensions of a given locally compact paracom- 
pact space X. The topological property V is subject to some requirements and 
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include er-compactness, the Lindelof property and the linearly Lindelof property as 
special cases. 

We review some of the terminology, notation and well-known results that will be 
used in the sequel. Our definitions mainly come from the standard text [3] (thus, 
in particular, compact spaces are Hausdorff, etc.). Other useful sources are [5] and 

The letters I and N denote the closed unit interval and the set of all positive 
integers, respectively. For a subset A of a space A we let clx^4 and intxA denote 
the closure and the interior of A in A, respectively. A subset of a space is called 
clopen if it is simultaneously closed and open. A zero-set of a space A is a set of 
the form Z{f) = / _1 (0) for some continuous / : X — > I. Any set of the form X\Z, 
where Z is a zero-set of X, is called a cozero-set of X. We denote the set of all 
zero-sets of X by 3?{X) and the set of all cozero-sets of X by Coz{X). 

For a Tychonoff space X the Stone-Cech compactification of X is the largest (with 
respect to the partial order <) compactification of X and is denoted by j3X. The 
Stone-Cech compactification of X can be characterized among all compactifications 
of X by cither of the following properties: 

• Every continuous function of A to a compact space is continuously ex- 
tendible over fiX. 

• Every continuous function of X to I is continuously extendible over [3X. 

• For every Z,S £ 3f{X) we have 

cip X (zr\S) = cip X zr\cip X s. 

A Tychonoff space is called zero-dimensional if it has an open base consisting 
of its clopen subsets. A Tychonoff space is called strongly zero- dimensional if its 
Stone-Cech compactification is zero-dimensional. A Tychonoff space X is called 
Cech- complete if its outgrowth /3A\A is an F a in f3X. Locally compact spaces 
are Cech-complete, and in the realm of metrizable spaces X, Cech-complcteness is 
equivalent to the existence of a compatible complete metric on A. 

Let V be a topological property. A topological space X is called locally-V if for 
every x € X there exists an open neighborhood U x of a; in A such that c\xU x has 
V. 

A topological property V is said to be hereditary with respect to closed subsets if 
each closed subset of a space with V also has V . A topological property V is said 
to be preserved under finite (closed) sums of subspaces if a Hausdorff space has V, 
provided that it is the union of a finite collection of its (closed) P-subspaces. 

Let (P, <) and (Q, <) be two partially ordered sets. A mapping / : (P, <) — > 
(Q,<) is said to be an order-homomorphism {anti-order-homomorphism, respec- 
tively) if f(a) < f{b) {fib) < /(a), respectively) whenever a < b. An order- 
homomorphism (anti-order-homomorphism, respectively) / : (P, <) — > {Q, <) is 
said to be an order-isomorphism {anti- order-isomorphism, respectively) if / _1 : 
{Q, <) — > {P, <) (exists and) is an order-homomorphism (anti-order-homomorphism, 
respectively). Two partially ordered sets (P, <) and {Q, <) are called order-isomorphic 
{anti-order-isomorphic, respectively) if there exists an order-isomorphism (anti- 
order-isomorphism, respectively) between them. 
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2. Motivations, notations and definitions 

In this article we will be dealing with various sets of one-point extensions of a 
given topological space X. For the reader's convenience we list these sets all at the 
beginning. 

Notation 2.1. Let X be a topological space. Denote 

• <§(X) = {Y : Y is a one-point Tychonoff extension of X} 

• $*{X) ={Fe g(X) : Y is first-countable at Y\X} 

• S C {X) = {Y e S{X) : Y is Cech-complete} 

• g K (X) = {Y £ S{X) : Y is locally compact} 

and when V is a topological property 

• S V {X) = {Y e £{X) : Y has V} 

• £ local - V {X) = {Y e S{X) : Y is locally-??}. 

Also, we may use notations which are obtained by combinations of the above no- 
tations, e.g. 

^l*ocal-v( X ) = &*(X) ("1 £local-v{X). 

Definition 2.2 ([TH]). For a Tychonoff space X and a topological property V, let 

X V X = |J {int^xcl^xC : C G Coz(X) and cl x C has V). 

Definition 2.3 ([!!])• We say that a topological property V satisfies Mrowka's 
condition (W) if it satisfies the following: If X is a Tychonoff space in which there 
exists a point p with an open base 58 for X at p such that X\B has V for each 
Bef, then X has V. 

Mrowka's condition (W) is satisfied by a large number of topological prop- 
erties; among them are (regularity +) the Lindelof property, paracompactness, 
metacompactness, subparacompactness, the para-Lindelof property, the c-para- 
Lindelof property, weak 0-refinability, 0-refinability (or submetacompactness), weak 
(50-refinability, i50-refinability (or the submeta-Lindelof property), countable para- 
compactness, [8, ft]-compact-ness, K-boundedness, screenability, cr-metacompactness, 
Dicudonne completeness, TV-compactness [15], realcompactness, almost realcom- 
pactness [J] and zero-dimensionality (see [TU], [H] and [T3] for proofs and [2], [17] 
and [T8] for definitions). 

In [TT] we have obtained the following result. 

Theorem 2.4 ([llj. Let X andY be locally compact locally-V non-V spaces where 
V is either pseudocompactness or a closed hereditary topological property which is 
preserved under finite closed sums of subspaces and satisfies Mrowka 's condition 
(W) . The following are equivalent: 

(1) \-pX\X and \-pY\Y are homeomorphic. 

(2) (S : -p(X),<) and {S'-p{Y),<) are order-isomorphic. 

(3) (<S''p(X),<) and {SS (Y),<) are order-isomorphic. 

(4) (S'p(X), <) and ((oJf(Y), <) are order-isomorphic, provided that X andY 
are moreover strongly zero-dimensional. 

There are topological properties, however, which do not satisfy the assumption 
of Theorem 12.41 (cr-compactness. for example, does not satisfy Mrowka's condition 
(W); see [TO])- The purpose of this article is to prove the following version of 
Theorem 12.41 Specific topological properties V which satisfy the requirements of 
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Theorem 12.51 below are cr-compactness, the Lindelof property and the linearly Lin- 
delof property. Note that in Theorem 3.19 of [9] we have shown that conditions (1) 
and (3) of Theorem [53] are equivalent, if V is cr-compactness, and in Theorem 3.21 
of [9] we have shown that conditions (1) and (2) of Theorem 12.51 are equivalent, if 
V is the Lindelof property. Thus, in some sense, Theorem 12 .51 generalizes Theorems 
3.19 and 3.21 of [9], and at the same time, brings them under a same umbrella. 

Theorem 2.5. Let X and Y be locally compact paracompact spaces and let V be 
a closed hereditary topological property of compact spaces which is preserved under 
finite sums of subspaces and coincides with a -compactness in the realm of locally 
compact paracompact spaces. The following are equivalent: 

(1) \-pX\X and \-pY\Y are homeomorphic. 

(2) (S'-p(X),<) and ((o^ (Y), <) are order-isomorphic. 

( 3 ) (^/* OC a/-pPO'<) and {^i* cai-v( Y )^) are order-isomorphic. 

We now introduce some notation which will be widely used in this article. 
Notation 2.6. Let X be a Tychonoff space X. For a subset A of X denote 

A* = c\nxA\X. 

In particular, X* = (3X\X. 



Remark 2.7. Note that the notation given in Notation 12.61 can be ambiguous, as 
A* can mean either (3A\A or c\pxA\X. However, since for C*-embedded subsets 
these two notions coincide, this will not cause any confusion. 

Definition 2.8 ([7]). For a Tychonoff space X, let 

oX = \^J{clpxH : H C X is er-compact}. 

Notation 2.9. Let X be a locally compact paracompact non-compact space. Then 
X can be represented as 

x = 0x, 

iei 

for some index set /, with each Xi for i € I, being cr-compact and non-compact 
(see Theorem 5.1.27 and Exercise 3.8.C of [3]). For any J C I denote 

Xj= [jx,. 

ieJ 

Thus, using the notation of Notation I2.6[ we have 



ieJ 



Remark 2.10. Note that in Notation l2.9l the set X'j is homeomorphic to /3Xj\Xj, 
as c\pxXj is homeomorphic to f3Xj (see Corollary 3.6.8 of [3]). Thus, when J is 
countable (since Xj is cr-compact and locally compact) Xj is a zero-sets in cl^x^O 
(see IB of |T9j). But clpxXj is clopen in f3X, as Xj is clopen in X (see Corollary 
3.6.5 of [3]) therefore, X'j is a zero-sets in f3X. Also, note that with the notation 
given in Notation 12.91 we have 



aX = UjcLjx* j : J C / is countable}. 
Note that aX is open in j3X and it contains X. 
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3. Partially ordered set of one-point extensions as related to 
topologies of subspaces of outgrowth 

In Lemma 13.51 we establish a connection between one-point Tychonoff extensions 
of a given space X and compact non-empty subsets of its outgrowth X*. Lemma 
13.51 (and its preceding lemmas) is known (see e.g. [E]). It is included here for the 
sake of completeness. 

Lemma 3.1. Let X be a Tychonoff space and let C be a non-empty compact subset 
of X* . Let T be the space which is obtained from /3X by contracting C to a point 
p. Then the subspace Y = X U {p} ofT is Tychonoff and f3Y = T. 

Proof. Let q : f3X — > T be the quotient mapping. Note that T is Hausdorff, and 
thus, being a continuous image of pX, it is compact. Also, note that Y is dense in T. 
Therefore, T is a compactification of Y. To show that f3Y = T, it suffices to verify 
that every continuous h : Y — > I is continuously extendable over T. Let h : Y — > I 
be continuous. Let G : fiX — > I continuously extend hq\(X U C) :IUC^I (note 
that p(X U C) = PX, asICluCyi; see Corollary 3.6.9 of [3]). Define 
H : T I such that H\(pX\C) = G\(/3X\C) and H(p) = h{p). Then H\Y = h, 
and since Hq = G is continuous, the function H is continuous. □ 

Notation 3.2. Let X be a Tychonoff space and let Y G ${X). Denote by 

t y : PX -> PY 
the (unique) continuous extension of idx ■ 

Lemma 3.3. Let X be a Tychonoff space and let Y = X U {p} e S(X). Let T be 
the space which is obtained from PX by contracting Ty (p) to the point p, and let 
q : pX — > T be the quotient mapping. Then T — PY and Ty = q. 

Proof. We need to show that Y is a subspace of T. Since pY is also a compactifica- 
tion of X and t y \X = id x , by Theorem 3.5.7 of [3], we have t y {X*) = pY\X. For 
an open subset W of /3Y, the set g(ry 1 (VF)) is open in T, as q~ 1 (q{ry 1 (W))) = 
Ty 1 (W) is open in PX. Therefore 

Y r\W = Y Hq^y^W)) 

is open in Y, when Y is considered as a subspace of T. For the converse, note that 
if V is open in T, since 

Y n V = Y n (0Y\ l y(l3X\q- 1 (y))) 

and ty (pX\q _1 (V)) is compact and thus closed in pY, the set Y n V is open in 
Y in its original topology. By Lemma T3. 1 1 we have T = pY. This also implies that 
Ty = q, as Ty,q : PX — > PY are continuous and coincide with idx on the dense 
subset X of PX. □ 

Lemma 3.4. Let X be a Tychonoff space. Let Yi G <§{X), where i = 1,2, and 
denote by t% — ry^ : PX — > pYt the continuous extension of idx ■ The following are 
equivalent: 

(1) Y 1 <Y 2 . 

(2) r^{Y 2 \X)Qr^{Y 1 \X). 
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Proof. Let Yi = X U {pi} where i = 1,2. (1) implies (2). Suppose that (1) holds. 
By definition, there exists a continuous / : Y2 — > Yi such that f\X = idx- Let 
//3 : PY 2 — > PY\ continuously extend /. Note that the continuous functions fpTs, t% : 
fiX — > fiY\ coincide with idx on the dense subset X of f3X, and thus fpT 2 = n. 
Note that X is dense in /3Yj (where i = 1, 2), as it is dense in Yi, and therefore, 
f3Yi is a compactification of X. Since /g|X = idx, by Theorem 3.5.7 of [3], we 
have fp(f3Y 2 \X) = /^Vf, and thus f p (p 2 ) £ fiY^X. But f p {p 2 ) = /(p 2 ), which 
implies that fp(p 2 ) S Yi\X = {pi}. Therefore 

= (/^r 2 )- 1 (/ /3 (p 2 )) = rf^fo)) = TfV)- 
(2) implies (1). Suppose that (2) holds. Let / : Y 2 —¥ Yi be defined such that 
/(P2) = Pi and /|JT = idx- We show that / is continuous, this will show that 
Yi < Y 2 . Note that by Lemma 13.31 the space f3Y 2 is the quotient space of f3X 
which is obtained by contracting T 2 ~ 1 (p 2 ) to a point, and t 2 is its corresponding 
quotient mapping. Thus, in particular, Y 2 is the quotient space of IUt 2 ~ (pa)j an d 
therefore, to show that / is continuous, it suffices to show that fT 2 \(XL)T 2 (p 2 )) is 
continuous. We show this by verifying that fr 2 (t) = n(t) for each t £ X LiT 2 ~ 1 (p 2 ). 
This obviously holds if t £ X. If < £ r 2 _1 (p 2 ), then r 2 (t) = p 2 , and thus fr 2 (t) = p\. 
But since t £ t 2 (r 2 (t)), we have i £ r-f (pi), and therefore ri(t) = pi. Thus 
f T 2(t) = Ti(t) in this case as well. □ 

Lemma 3.5. Let X be a Tychonoff space. Define a function 

6 : {£{X), <) -> ({C C X* : C is compaci}\{0}, C ) 

9(Y) = r l ; 1 (Y\X) 
/or any Y £ <o(X). Then is an anti-order-isomorphism. 

Proof. To show that is well-defined, let Y £ $(X). Note that since X is dense 
in Y, the space X is dense in f3Y . Thus ry : — > j3Y is onto, as Ty(/3X) is a 
compact (and therefore closed) subset of f3Y and it contains X = Ty(X). Thus 
r i ; 1 (Y\X) ^ 0. Also, since t y \X = idx we have r i ; 1 (Y\X) C X*, and since the 
singleton Y\X is closed in f3Y , its inverse image t y ~ 1 (Y\X) is closed in f3X, and 
therefore it is compact. Now we show that O is onto, Lemma l3.4l will then complete 
the proof. Let C be a non-empty compact subset of X*. Let T be the quotient 
space of fiX which is obtained by contracting C to a point p. Consider the subspace 
Y = X U {p} of T. Then Y £ and thus, by Lemma Owe have fiY = T. 

The quotient mapping q : fiX — > T is identical to ty, as it coincides with idx on 
the dense subset X of fiX. Therefore 

0(Y)=T Y 1 (p) = q- 1 (p) = C. 

□ 

Notation 3.6. For a Tychonoff space X denote by 

9x : {£{X), < ) -> ({C C X* : C is compact}\{0}, C ) 
the anti-order-isomorphism defined by 

e x (Y)^T Y 1 (Y\X) 

for any Y £ <T(X). 



ONE-POINT EXTENSIONS OF LOCALLY COMPACT PARACOMPACT SPACES 



7 



Lemmas 13.71 and 13.81 below are known results (see [9]). 

Lemma 3.7. Let X be a Tychonoff space. For a Y £ £"{X) the following are 
equivalent: 

(1) Y e S*{X). 

(2) Q X (Y) £ 3T(fiX). 

Proof. Let Y = XU{p}. (1) implies (2). Suppose that (1) holds. Let {V n : n G N} 
be an open base at p in Y. For each n G N, let V„ be an open subset of j3Y such 
that Y nV 7 [ = V n , and let /„ : f3Y — > I be continuous and such that f n (p) = and 
ZnCSnK) C {!}• Let 

OO 

n=l 

We show that Z = {p}. Obviously, p £ Z. Let t £ Z and suppose to the contrary 
that t y£ p. Let be an open neighborhood of p in j3Y such that £ ^ cly3yW\ Then 
y n W is an open neighborhood of p in y. Let fc G N be such that 14 C Y P W 7 . 
We have 

tez{f k )cvi c d^y t ' 

= cv(yny fe ') 

= cl^yVfc C Cl,gy(y Pi VK) C cl^yM^ 

which is a contradiction. This shows that t = p and therefore Z C {p}. Thus 
{p} = Z6 3T(0y), which implies that 7y x (p) G 2T(PX). 

(2) implies (1). Suppose that (2) holds. Let ry 1 ^) = Z(f) where / : /3X — > I 
is continuous. Note that by Lemma 13.31 the space f3Y is obtained from (3X by 
contracting Ty (p) to p with ry : (3X — > /?y as the quotient mapping. Then for 
each n £ N the set ry(/ _1 ([0, 1/n))) is an open neighborhood of p in /?y. We show 
that the collection 

{l r n7y(/- 1 ([0,l/n))) :neN} 

of open neighborhoods of p in y constitutes an open base at p in Y, this will show 
(1). Let V be an open neighborhood of p in Y. Let V' be an open subset of j3Y 
such that y n V = V. Then p £ V' and thus 

OO 

f] /"'([O, l/n]) = Z(f) = ry\p) C rf 1 ^')- 

71=1 

By compactness we have / _1 ([0, 1/fc]) C Ty (V) for some k 6 N. Therefore 

ynrytr 1 ([o,i A))) c ynry^-^^i/fc])) 

c y DTY^iV')) c y nv' = V. 

□ 

Lemma 3.8. Let X be a locally compact space. For a Y G <o{X) the following are 
equivalent: 

(1) y G C (X). 

(2) e x (v) G iT(X*). 
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Proof. Let Y = X U {p}. (1) implies (2). Suppose that (1) holds. Then Y* is an 
F a in /3Y. Let Y* = [j^ =1 K n where each K n is closed in j3Y for n G N. Then 

OO 

X* =Ty 1 {p)U (J K n 

71=1 

(recall that /3Y is the quotient space of /3X which is obtained by contracting ry 1 (p) 
to p and ry is its quotient mapping; see Lemma 13. 3|) . For each n G N, let / n : 
/3X — ► I be continuous and such that 

fniry'ip)) = {0} and f n (K n ) C {1}. 

Let / = Xm=i /n/2™- Then / : /3X — >■ I is continuous and 

rf 1 (p) = Z(/)nX* GiTpT). 

(2) implies (1). Suppose that (2) holds. Let Ty~ (p) = Z(g) where g : X* — > I is 
continuous. Then, using Lemma 13.31 we have 

Y*=X*\ry 1 (p) - X*\Z(.g) 

OO 

= g- l {(0,l])=\Jg- 1 {[l/n,l}) 

71=1 

and each set g" 1 ([l/n, 1]), for n G N, being closed in X*, is compact (note that 
since X is locally compact, X* is compact) and thus closed in j3Y. Therefore, Y* 
is an F a in (3Y, that is, Y is Cech-complete. □ 

The following lemma justifies our requirement on V in Theorem l3.16l We simply 
need X-pX to have a more familiar structure. 

Lemma 3.9. Let V be a topological property which is preserved under finite closed 
sums of subspaces. The following are equivalent: 

(1) The topological property V coincides with a -compactness in the realm of 
locally compact paracompact spaces. 

(2) For every locally compact paracompact space X we have 

X-pX = aX. 

Proof. (1) implies (2). Suppose that (1) holds. Let X be a locally compact para- 
compact space. Assume the notation of Notation 12.91 Let J C I be countable. 
Then Xj is er-compact and thus (since it is also locally compact and paracompact) 
it has V . Note that Xj is clopen in X thus it has a clopen closure in j3X, therefore 

clpxXj = mtpxclp-xXj C X-pX 

that is, aX C X-pX. To see the reverse inclusion, let C G Coz(X) be such that 
clxC has V. Then (since clxC being closed in X is also locally compact and 
paracompact) clxC is cr-compact. Therefore 

int/^cLjjjfC C clpxC C aX 

which shows that ApX C aX. Thus XpX = aX. 

(2) implies (1). Suppose that (2) holds. Let X be a locally compact paracompact 
space. By assumption we have XpX = aX. We verify that X has V if and only 
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if X is CT-compact. Assume the notation of Notation 12.91 Suppose that X has V . 
Then XpX = f3X and thus aX — j3X. Now, by compactness, we have 

(3X = c\ P xX. h U • • • U cl 0X X Jn 

for some neN and some countable J\ , . . . , J n C I. Therefore 

X = X, h U • • • U X Jn 

is cr-compact. For the converse, suppose that X is <7-compact. Then aX = f3X 
and (since XpX = aX) we have f3X = X-pX . Thus, by compactness, we have 

fiX = int^cl^Ci U • • • U intp X c\p X C n 

for some n E N and some Ci, . . . , C„ £ Coz(X) such that clxCi has V for any 
i = 1, . . . , n. Now, using our assumption, the space 

X = c\ x Ci U • • • UclxCn 

being a finite union of its closed "P-subspaces, has V . □ 

Lemma 3.10. Let X be a locally compact paracompact space and let V be a closed 
hereditary topological property of compact spaces which is preserved under finite 
sums of subspaces and coincides with a -compactness in the realm of locally compact 
paracompact spaces. For aYE S'(X) the following are equivalent: 

(1) Y e ££{X). 

(2) e x (Y) G iFpT*) and (3X\XpX C G X (Y). 
Thus, in particular 

9 X (*£(X)) = {Z e 3T{X*) : (3X\X V X C Z}\{0}. 

Proof. Let 7 = IU {p}. (1) implies (2). Suppose that (1) holds. By Lemma [3~8l 
we have Ty (f>) € 3?{X*). Note that by Lemma [3.91 we have XpX = aX. Let 
t £ f3X\crX and suppose to the contrary that t i Ty x (p). Let / : f3X -¥ I be 
continuous and such that f(t) = and /(ry 1 ^)) = {1}. Since ty(/ -1 ([0, 1/2])) is 
compact, the set 

T = X n r 1 ([0, 1/2]) = Y n r y (/- 1 ([0, 1/2])) 

being closed in F, has "P. But T, being closed in X, is locally compact and para- 
compact, and thus, having V, it is CT-compact. Therefore, by the definition of aX 
we have cLj^T C aX. But since 

te/- 1 ([0,1/2)) C chix/" 1 ([0,1/2)) 

= chix^n/- 1 ([0,1/2))) 

c cl^Xn/" 1 ([0,1/2])) =cl^T 

we have i € aX, which contradicts the choice of t. Thus t e Ty 1 ^) and therefore 

(2) implies (1). Suppose that (2) holds. Note that since X is locally compact, the 
set X* is closed in (the normal space) f3X and thus, since Ty 1 (p) G ^"(X*) (using 
the Tietze-Urysohn Theorem) we have ^(p) = Z n X* for some Z e 2?{f3X). 
Note that by Lemma T3. 91 we have A^X = ctX. Now, since [3X\aX C Ty 1 ^) C Z 
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we have /3X\Z C aX. Therefore, assuming the notation of Notation 12.91 (since 
j3X\Z, being a cozero-set in j3X, is cr-compact) we have 

oo 

(3X\Z C (J c\ px Xj n C cl^xXj 

n=l 

where J\ , J 2 , • ■ • Q I are countable and J = J\ U J2 U • • • . But 
y = ry(Z) U C ry(Z) U Xj 

and thus we have 

(3.1) Y = t y (Z)UXj. 

Now, since Xj has 7>, as it is cr-compact (and being closed in X, it is locally 
compact and paracompact) and Ty{Z) has V, as it is compact, from (|3.1[) it follows 
that the space Y, being a finite union of its P-subspaces, has V . The fact that Y 
is Cech-complete follows from Lemma □ 

The following generalizes Lemma 3.18 of [3]. 

Lemma 3.11. Let X be a locally compact paracompact space and let V be a closed 
hereditary topological property of compact spaces which is preserved under finite 
sums of sub spaces and coincides with a -compactness in the realm of locally compact 
paracompact spaces. For a Y £ S'(X) the following are equivalent: 

(1) Y&^ ocal _ v (X). 

(2) e x (Y) G 2£{fiX) and Q X (Y) C X P X. 
Thus, in particular 

®x{^* ocal - V (X)) = {Ze 3T(J3X) : Z C X V X\X}\{9}. 

Proof. Let y = XU{p}. (1) implies (2). Suppose that (1) holds. Since Y G S*(X), 
by Lemma T3. 71 we have ry 1 ^) G 3?{f3X). Let 7y (p) = for some continuous 
/ : fiX — > I. Since y is locally-P, there exists an open neighborhood V of p in y 
such that clyy has V. Let V be an open subset of (3Y such that y n V = V. 
Then p G V, and thus since 
00 

P| /"^[O, l/n]) = = ^(p) C r Y \V) 

71=1 

by compactness, we have / _1 ([0, 1/fc]) C Ty 1 (y') for some fc G N. Now, for each 
n > k, since 

rn7y(/- 1 ([0,l/n])\/- 1 ([0,l/(n+l)))) 

c y nr y (/- 1 ([o,i/fc])) c y nr y (r 1 ; 1 (y')) c y ny' = y c ci y y 

the set 

K n = Xn(r 1 ([0 1 l/n])\r 1 ([0,l/(n+l)))) 

= y n TV (/^([o, i/n])\r ^[o, i/(n + 1)))) 

being closed in clyV, has V, and therefore (since being closed in X it is locally 
compact and paracompact) it is cr-compact. (It might be helpful to recall that by 
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Lemma 13.31 the space /3Y is obtained from 0X by contracting t y 1 (p) to p with Ty 
as its quotient mapping.) Thus, the set 

oo 

xnf-^&i/k}) =\Jk u 

n— k 

is (7-compact, and therefore, by the definition of aX, we have 

ci^(xn/- 1 ([o,i/fc])) C aX. 

But 

^(/)c/- 1 ([o,iA)) c dpxf-^lOA/k)) 

= ^(xrif-'dOA/k))) 
c ci (9 x(xn/- 1 ([o,i/A ; ])) 

from which it follows that Ty 1 (p) C aX . Finally, note that by Lemma 13.91 we have 
X-pX = u X . 

(2) implies (1). Suppose that (2) holds. By Lemma 13771 we have Y G £*(X). 
Therefore, it suffices to verify that Y is locally- 7-*. Also, since by assumption X 
is locally compact, it is locally- V, as V is assumed to be a topological property of 
compact spaces. Thus, we need only to verify that p has an open neighborhood 
in Y whose closure in Y has V. Let g : j3X — > I be continuous and such that 
Z(g) = Ty 1 (p). Then since 

oo 

f]g- 1 ([0,l/n])=Z(g)CX v X 

n=l 

by compactness (and since X-pX is open in j3X) we have <7 _1 ([0, 1/k}) C for 
some k € N. Note that by Lemma T3.9I we have = uX. Assume the notation 

of Notation 12.91 By compactness, we have 

g- x ([0, 1/k]) C cl^ x X 7l U ■ • • U cl^xAj„ = cl^x^J 

where rt e N, the sets Ji, . . . , J n C 7 are countable and J = Ji U • • • U J n . The set 
A ri5 _1 ([0, 1/k]) C Aj, being closed in the latter (a-compact space) is cr-compact, 
and therefore (since being closed in A, it is locally compact and paracompact) it 
has V. Let 

v = ynr y (. 9 - 1 ([o,i/fc))). 

Then is an open neighborhood of p in Y. We show that clyF has V. But this 
follows, since 

cw cynrr^do^/fc])) = (Anr y ( 5 - 1 ([o,i/fc])))uM 

= (xn ff - 1 ([o,i/fc]))u{p} 

and the latter, being a finite union of its P-subspaces (note that the singleton {p}, 
being compact, has V) has V, and thus, its closed subset cly V, also has V. □ 

Lemmas I3.12143T41 are from [8]. 

Lemma 3.12. Let X be a locally compact paracompact space. If Z G J2°(/3A) m 
non-empty then Z n crA / 
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Proof. Let {x n } c ^L 1 be a sequence in aX. Assume the notation of Notation 12.91 
Then {x n ■ n £ N} C clpxXj for some countable J C J. Therefore {i„ : n G N} 
has a limit point in clpxXj Q o~X. Thus aX is countably compact, and therefore 
is pseudocompact, and v{aX) = f3(aX) = (3X (note that the latter equality holds, 
as X C aX C f3X). The result now follows, as for any Tychonoff space T, any 
non-empty zero-set of vT meets T (see Lemma 5.11 (f) of [16] ) . □ 

Lemma 3.13. Let X be a locally compact paracompact space. If Z g 3f(X*) is 
non-empty then Z n aX ^ 0. 

Proof. Let S g iF(/3X) be such that 5* n X* = Z (which exists, as X* is closed in 
(the normal space) (3X, as X is locally compact, and thus, by the Tietze-Urysohn 
Theorem, every continuous function from X* to I is continuously extendible over 
PX). By Lemma [3T2] we have S n <rX ^ 0. Suppose that S n (crA\A) = 0. Then 
S(laX = X(lS. Assume the notation of NotationEU Let J = {i e I : X.nS / 0}. 
Then J is finite. Note that since Xj is clopen in X, it has a clopen closure in (3X. 
Now 

T = S n (/M^chjxX,) g ^(/?X) 

misses crX, and therefore, by Lemma T3. 121 we have T = 0. But this is a contradic- 
tion, as Z = S n (pX\aX) C T. This shows that 

Z n (crX\A) = n (o-X\Jf) ^ 0. 

□ 

Lemma 3.14. Le£ X be a locally compact paracompact space. For any S, T g 
J°(A*), i/ 5 n aX C T n ctA tten 5 C T. 

Proof. Suppose to the contrary that S\T 0. Let s g 5\T. Let / : j3X I be 
continuous and such that /(s) = and /(T) C {1}. Then Z(f) P\ S is non-empty, 
and thus by Lemma[3T3]it follows that Z(f)nSn<rX ^ 0. But this is not possible, 
as 

z(f) nsno-x c z(f) n t = 0. 

□ 

The following lemma is from [9]. 

Lemma 3.15. Let X andY be locally compact spaces. The following are equivalent: 

(1) X* and Y* are homeomorphic. 

(2) (<f c (A),<) and {£ C (Y), <) are order-isomorphic. 

Proof. This follows from the fact that in a compact space the order-structure of 
the set of its all zero-sets (partially ordered with C) determines its topology. □ 

The proof of the following theorem is essentially a combination of the proofs 
we have given for Theorems 3.19 and 3.21 in [S] with the appropriate usage of the 
preceding lemmas. The reasonably detailed proof is included here for the reader's 
convenience. 

Theorem 3.16. Let X andY be locally compact paracompact (non-compact) spaces 
and let V be a closed hereditary topological property of compact spaces which is 
preserved under finite sums of subspaces and coincides with o -compactness in the 
realm of locally compact paracompact spaces. The following are equivalent: 
(1) \-pX\X and \-pY\Y are homeomorphic. 
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(2) (S'-p(X), <) and ((o-p (Y),<) are order-isomorphic. 

( 3 ) {£iocai-v( x )><) and (£i*ocai-v( Y )><) are order-isomorphic. 
Proof. Let 

andy = 0F j 

iei jeJ 

for some index sets I and J with each Xi and Yj for i € I and j 6 J being cr- 
compact and non-compact. We will use notation of Notation 12.91 and Remark 12.101 
without reference. Note that by Lemma \3. 91 we have X-pX = aX and X-pY = oY . 
Let 

uoaX = aX U {Q} and uaY = oY U {fT} 

denote the one-point compactifications of o~X and cry, respectively. 

(1) implies (2). Suppose that (1) holds. Suppose that either X or Y, say X, is 
(T-compact. Then crF\y is compact, as it is homeomorphic to aX\X = X* , and 
the latter is compact, as X is locally compact. Thus 

aY\Y = Y^ U • • ■ U Y£ n = Y£ 

where neN, the sets Hi, ... , H n C J are countable and 

H = HiU---UH n . 

Now, if there exists some u € J\H, then since Y u n Yjj = we have 

cV^, n ci^y? = 0. 

Therefore c\pyY u C Y", contradicting the fact that y is non-compact. Thus J = H 
and V is a-compact. Therefore erY\y = Y*. Note that by Lemmas 13.81 and 13.101 
we have gg{X) = S C {X) and &g(Y) = S C {Y). The result now follows from 
Lemma 13.151 

Suppose that X and Y are non-cr-compact. Let / : aX\X —> crY\Y denote a 
homeomorphism. We define an order-isomorphism 

: (Q X (£°(X)),C ) (6y(^(y)), C ). 

Since 9x and 0y are anti-order-isomorphisms, this will prove (2). Let D G 
Bx(&p (X)). By Lemma ETU] we have D £ and /3X\erX C D. Since 

X*\D C crX, being a cozero-set in X* is c-compact, there exists a countable 
G CI such that X*\D C X G . Now, since DnlgS &{Xg), we have 

/(Dnx£)eir(/(xa)). 

Since Xq is open in aX\X, its homeomorphic image f(X G ) is open in crY\Y, and 
thus, is open in Y*. But f(X G ) is compact, as it is a continuous image of a compact 
space, and therefore, f(X G ) is clopen in Y*. Thus 

f(DnX* G )u(Y*\f(X* G )) E$f(Y*). 

Let 

0(d) = / (d n ( CT x\x)) u osyyy). 

Note that since 

/(Dn(aX\X)) - /((DnX£)u((aX\X)\X£)) 

= /(Dn^)u(( ff r\Wc)) 
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we have 

</>{D) = f(Dn(aX\X))u(j3Y\aY) 

= f(D n X G ) U ((aY\Y)\f(X* G )) U (pY\aY) 

= f(Dnx* G )u(Y*\f(x* G )) 

which shows that <fi is well-defined. The function c6 is clearly an order-homomorphism. 
Since / _1 : aY\Y — > aX\X also is a homeomorphism, as above, it induces an 
order-homomorphism 

1>: (& Y (^(Y)),C) -> (Q X (<?C(X)),C) 

which is defined by 

ij)(D) = ,f- 1 {D n (aY\Y)) U (/3X\aX) 

for any D G Oy^^Y)). It is now easy to see that ip = which shows that c6 
is an order-isomorphism. 

(2) implies (1). Suppose that (2) holds. Suppose that either X or Y, say X, 
is cr-compact (and non-compact). Then aX = f3X, and thus, by Lemmas 13.81 and 
13.101 we have £^{X) = <§ C (X). Suppose that Y is non-cr-compact. Note that 
X, being paracompact and non-compact, is non-pseudocompact (see Theorems 
3.10.21, 5.1.5 and 5.1.20 of [3]) and therefore, X* contains at least two elements, as 
almost compact spaces are pseudocompact (see Problem 5U (1) of [16]; recall that 
a Tychonoff space T is called almost compact if j3T\T has at most one element). 
Thus, there exist two disjoint non-empty zero-sets of X* corresponding to two 
elements in § (X) with no common upper bound in S C (X). But this is not true, 
as S C {X) is order-isomorphic to S'-p (Y), and any two elements in the latter have 
a common upper bound in S^{Y\ (Note that since Y is non-cr-compact, the set 
(3Y\<jY is non-empty, and by Lemma l3.10[ the image of any element in (Y) 
under 0y contains f$Y\oY.) Therefore, Y also is cr-compact and by Lemmas 13.81 
and RTroi we have <S$(Y) = g c {Y). Now, since aY = 0Y, the result follows from 
Lemma 13.151 

Next, suppose that X and Y are both non-cr-compact. We show that the two 
compact spaces uj<jX\X and luo~Y\Y are homeomorphic, by showing that their 
corresponding sets of zero-sets (partially ordered with C) are order-isomorphic. 
Since Qx and &y are anti-order-isomorphisms, condition (2) implies the existence 
of an order-isomorphism 

4> ■■ (e x (#£(x)),c ) -> (e Y (<?g(Y)),c ). 

We define an order-isomorphism 

V- : (2f(ujaX\X), C ) (3T(uaY\Y), C ) 

as follows. Let Z e ^(uiaX\X). Suppose that £1 e Z. Then, since (uiaX\X)\Z is 
a cozero-set in (the compact space) uiaX\X, it is cr-compact. Thus (ujaX\X)\Z C 
X G for some countable G Q I. Since X G is clopen in X*, we have 

(z\{ny) u (j3X\aX) = (zn x* G ) u {x*\x* G ) e 2f(x*), 

In this case, we let 



i,(Z) = (4>((Z\{n}) U ((3X\aX))\((3Y\aY)) U {SI'}. 
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Now, suppose that O ^ Z . Then Z C aX\X, and therefore Z C Xq for some 
countable G C. I, and thus, using this, one can write 

oo 

(3.2) Z = X*\ |J Z n where f3X\aX £ Z n £ 2f(X*) for any neN. 

n=l 

In this case, we let 

oo 

^(Z)=Y*\ |J 0(Z n ). 

n=l 

We check that ip is well-defined. Assume the representation given in (|3.2[) . Since 
y*\0(Z„) C oY for all neN, there exists a countable H C J such that F*\0(Z„) C 
for all n £ N. 

Claim 3.17. For aZe ^°(o;crX\X) wii/i Q, £ Z assume the representation given 
in (3.2j) . Let hi £ J be countable and such that Y*\<f>(Z n ) C Yjg for all n £ N. Let 
A be such that 4>(A) = Y*\Y£. Then 

OO 

Y*\{J<f>(Z n )=cf>(AlJZ)\<f>(A). 

n=l 

Proof of the claim. Suppose that y £ Y* and y ^ 4>{Z n ) for all neN. If y £ 
(f>(A U Z)\(j){A), then since y £ §{Z X ) D 0(A) we have y <£ 0(A U Z). Therefore, 
there exists some B £ 2f(Y*) containing y such that B n 0(A U Z) = and 
5 n <j)(Z n ) = for all neN. Let C be such that 0(C) = B U 0(A U Z), and let S n 
for any n e N, be such that 

<f>(S n ) = 0(C)n0(z n ) 

= (BU^(AUZ))n^„) 

= (s n 0(Z n )) u (0(A u z) n 0(Z„)) = 0(A u z) n 0(Z„). 

Since A C Z„, as 4>(A) C 0(Z„) and Z n Z„ = 0, we have A n Z = 0, which implies 
that 

(A u z) n z n = (An z„) u (z n z n ) = A 

for all neN. Clearly S n C (iUZ)n Z„, as by above 0(S"„) C 0(A U Z) and 
0(<Sn) C 0(Z„) for any neN. Thus 0(S„) C 0(A) for all n e N. But since 
0(A) C 0(Z n ), we have 0(A) C <p(S n ), and therefore 

0(c n z„) c 0(c) n 0(z„) = 0(s„) = 0(A) 

for any neN. This implies that C n Z„ C A for all n e N. Thus 

oo oo 

c\z = c n (J z n - (J (c n z„) c a. 

n— 1 n—1 

Therefore C C A U Z and we have -B C 0(C) C 0(A U Z), which is a contradiction, 
as B n 0(A U Z) = 0. This shows that 

OO 

r*\|j0(z„)c0(Auz)\0(A). 

n=l 

Now, suppose that y e 0(A U Z)\0(A). Suppose to the contrary that y £ 4>(Z n ) 
for some neN. Then 

y £ 0(Z„)H0(AUZ) = 0(£>) 
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for some D. Clearly D C Z n and D C AUZ, as 0(1?) C 0(Z„) and 0(D) C <j>(A\jZ). 
This implies that 

d c z„ n (A u z) = (z„ n A) u (z„ n z) = z„ n A c a 

and thus y £ 4>(A), as 0(-D) C 0(A), which is a contradiction. This proves the 
claim. 

Now, suppose that 

oo oo 

Z = X*\ |J S n and Z = X*\ (J Z n 

n—l n—l 

are two representations for some Z G J(wffX\l) with Q £ Z such that each 
S n ,Z n G 3f(X*) contains /3X\aX for n G N. Choose a countable H C J such that 

Wn) c y£ and y*\^(z n ) c 

for all n G N. Then, by the claim, we have 

oo oo 

Y*\ (J <t>(S n ) = 4>{A U Z)\<P(A) = Y*\ [J 0(Z„) 

n—l n—l 

where A is such that cf>(A) = Y*\Y^. This shows that ip is well-defined. Next, 
we show that ip is an order-isomorphism. Suppose that S, Z G Sf{uiaX\X) and 
S Q Z. We consider the following cases. 

Case 1: Suppose that 17 G S 1 . Then f2 G Z, and clearly 

^(5) = (0((5\{n})u(^\aX))\(/3FVF))u{n / } 

C (0((Z\{Q» U tfX\aX))\(pY\jY)) U {fi'} = ^(Z). 

Case 2: Suppose that Q ^ S but SleZ. Let 

S = 0((Z\{O})U(/3X\ C 7X)) 

and let 

oo 

s = x*\ U s„ 

n=l 

where each S„ G ^(X*) contains for n G N. Clearly C cry. 

Let H C J he countable and such that Y*\<j>(S n ) C for all n G N 
and Y*\£ C Y^. By the claim, we have ip(S) = </>{A U S)\<j>(A), where 
0(A) = Y*\Y£. Since Y*\Y^ C E, we have 

A C (Z\{0» U [fiX\aX). 

Now 

^(5) - 0(i4 U S)\0(A) C 0(A US)C 0((Z\{Q}) U (/3X\crX)) 
which implies that 

il>(S) C (0((Z\{Q» U (/3X\crX))\(/3Y\crY)) U {fi'} = i>(Z). 
Case 3: Suppose that fi £ Z. Then fl<£ S. Let 

OO OO 

S = X*\ (J S n and Z = X*\ (J Z n 
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where each S ni Z n e 2f(X*) contains (3X\aX for n G N. Clearly 

oo oo oo 

s = snz= (x*\ (J s„) n (J z„) = x*\ \J (s n u z n ) 

n—1 n—1 n—1 

and thus, since <f>(Z n ) C <£(S n U Z n ) for all n E N, it follows that 

oo oo 

ip(S) = Y*\ |J q>(s n u z n ) c y*\ (J 0(z„) = ^>(z). 

n—1 n—1 

Note that since 

r l ■ (Qy(££(Y)),c)^ (Q x (£°(X)),c) 

also is an order-isomorphism, as above, it induces an order-isomorphism 

7 : (j^wo-yVH, C ) -> (jr(wCTX\JC), c ) 

which is easy to see that 7 = Therefore, ^ is an order-isomorphism. It 

then follows that there exists a homeomorphism / : uxrX\X —> uiaY\Y such that 
/(Z) = ip(Z), for any Z 6 3f(uj<rX\X). Now since for each countable G C / we 
have 

it follows that f(aX\X) — aY\Y. Thus aX\X and <tY\F are homeomorphic. 

(1) implies (3). Suppose that (1) holds. Suppose that either X or Y, say X, is 
(T-compact. Then aX = /3X and thus, arguing as in part (l)=>-(2), it follows that 
Y also is (T-compact. Therefore aY — fiY . Note that by Lemmas 13.71 and 13.111 
we have S^ ocal _ v (X) = S*{X) and since X* G 2f(/3X) (as X is cr-compact and 
locally compact; see IB of [19]) by Lemmas l3Jl and f3T8l we have g*(X) = S C (X). 
Thus S* ocal _ v {X) =£°{X) and similarly S* ocal _ v {Y) = g c {Y). The result now 
follows from Lemma 13.151 

Suppose that X and Y are non-a-compact. Let / : aX\X — > aY\Y be a 
homeomorphism. We define an order-isomorphism 

: (exfc,- P W)-c) -> (eyfci-p(y))^) 

as follows. Let Z e Qx(^* oca i- V (X)). By Lemma EHU we have Z G 3T(fiX) and 
Z C crX\X. Thus ZCI* for some countable G C I. Now /(Z) G Jf (crF\y) and 
since /(Z) is compact, as it is a continuous image of a compact space, it follows 
that /(Z) C for some countable H C J. Therefore f(Z) G ^(Y^) and then 
/(Z) G 2r(clp Y Y H ). Since cl^yF// is clopen in /3Y~ we have /(Z) G 2f{fSY). Define 

It is obvious that e6 is an order-homomorphism. If we let 

V- : {®Y{<?Tocal-v(Y)),Q) -> (ex(^r ocoI _ P (^)),C ) 

be defined by 

V(Z) = /^(Z) 

for any Z G 8y(^(™i_-p(^)): then ip — cf)^ 1 which shows that is an order- 
isomorphism. 

(3) implies (1). Suppose that (3) holds. Suppose that either X or Y, say X, 
is cr-compact (and non-compact). Then aX = f3X, and thus, by Lemmas 13.71 
and[3TQ we have S* ocal _ v {X) = S*{X). Therefore, since X* G 2T(PX) the set 
$i oca i-v(X) has the smallest element (namely, its one-point compactification usX). 
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Thus ^* oca i--piX) also has the smallest element; denote this element by T. Then, 
for each countable H C J we have 

and therefore aY\Y C 6y(T). By Lemma EH (with 6y(T) and Y* as the zero- 
sets in its statement) we have Y* C 0y(T). This implies that Y* G iF(/3y) which 
shows that Y is er-compact. Thus <jY = and by Lemmas 13. 71 and 13.111 we have 
S* oca i_ v iY) — £*(Y). Therefore, in this case (and since by Lemmas 13.71 and [3~8l 
we have £*(X) = £ C {X) and £*{Y) = £ C (Y)) the result follows from Lemma 

MB 

Next, suppose that X and Y are both non-er-compact. Since 0x and 0y are 
both anti-order-isomorphisms, there exists an order-isomorphism 

4> : (Qx(Cai- P (^)),c) -> (ey(^; cai _ P (r)),c ). 

We extend by letting 0(0) = 0. We define a function 

ip : (3f{uaX\X), C ) -> (j( W( jy\y), C ) 

and verify that it is an order-isomorphism. Let Z G iF(wcrX\X) with CI ^ Z. Since 
Z C for some countable G C /, we have Z G iF(/3X), and therefore 

2e6x(^(l))u{f)}, 

In this case, let 

1&(Z) = 0(Z). 

Now, suppose that Z G 5°(a;crX\X) and Q £ Z. Then (werX\X)\.Z' is a cozero-set 
in u;<rX\X, and we have 

oo 

(3.3) Z = (ujaX\X)\ |J Z„ where Z n G jT(cjctX\X) for any neN. 

Thus, as above, it follows that 

Z n ^Q x {£ l * ocal _ v {X))yj{%} 
for any n £ N. We verify that 

oo 

(3.4) |J 4>{Z n ) G Coz(war\r). 

n=l 

To show this, note that since 4>(Z n ) C <jy\F there exists a countable H C J such 
that 0(Z„) C for all neN. 

Claim 3.18. For a Z G ^(w<7X\X) wzi/i Q <E Z assume the representation given 
in \3.3\) . Let H C J be countable and such that (j)(Z n ) C Y£ for all neN. Let A 
be such that 4>{A) = Y^. Then 

oo 

cf>(AnZ) = 4>(A)\{Jcb(Z n ). 

n=l 
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Proof of the claim. For each n £ N, since A n Z n Z n = 0, we have 0(A n Z) PI 
0(Z„) — 0, as otherwise, 0(A (~l Z) and 0(Z„) will have a common lower bound in 
®Y(£* oca i_ v (Y)), that is, 0(A flZ)n 0(Z„), whereas An Z and Z„ do not have. 
Also 0(An Z) C 0(A). Therefore 

OO 

0(AnZ) C0(A)\ |J 0(z n ). 

n=l 

To show the reverse inclusion, let y G 0(A) be such that y ^ 0(Z„) for all n £ 
N. There exists some B £ 3?(f3Y) such that y £ B and B n 0(Z„) = for all 
n £ N. If y ^ 0(A n Z), then there exists some C £ 2f(/3Y) such that y £ C and 
C n 0(A n Z) = 0. Let B = 0(A) n B n C and let B be such that 0(B) = D. For 
each n £ N, since 0(B) n 0(Z„) = 0, we have Ef\Z n = 0, and thus E C Z. On the 
other hand, since 0(B) C 0(A) we have B C A, and therefore B C A n Z. Thus 
0(B) C 0(A n Z), which implies that 0(B) = 0, as 0(B) C C. This contradiction 
shows that y £ 0(A n Z), which proves the claim. 

Let A be such that 0(A) = Y£. Now, 0(AnZ) G 3r(waY\Y), as 0(AnZ) C 0(A). 
By the claim we have 

oo oo 

(ojaY\Y)\ |J 0(Z„) = (0(A)\ |J 0(Z n )) U (( W ar\F)\0(A)) 

n—1 n—1 

= 0(A n z) u ((wo-r\r)\0(A)) g iT(o;ay\y) 

and p.4p is verified. In this case, we let 

oo 

V^(z) = (wcry\y)\ |J 0(z„). 

71=1 

Next, we show that ij) is well-defined. Assume that 

oo 

Z = {uaX\X)\ (J S„ 
n=l 

with S n £ 3f{ujaX\X) for all n £ N, is another representation of Z. We need to 
show that 

oo oo 

(3.5) |J 0(Z„) = |J 0(S n ). 

n—1 n—1 

Without any loss of generality, suppose to the contrary that there exists some 
m £ N and y £ <fi(Z m ) such that y ^ (f>(S n ) for all n £ N. Then there exists some 
A G SfiJiY) such that y G A and A n 0(S„) = for all n G N. Consider 

An^(Z m )£Qy(^*ocal-AY))- 

Let B be such that 0(B) = A n 0(Z m ). Since 0(B) C A we have 0(B) n 0(5 n ) = 
from which it follows that Bn5 n = for all neN. But B C Z m , as 0(B) C 0(Z m ), 
and we have 

oo oo 
B C |J Z n = (J S n 

n—1 n—1 

which implies that B = 0. But this is a contradiction, as 0(B) ^ 0. Therefore 
(|3.5[) holds, and thus if) is well-defined. To prove that ip is an order-isomorphism, 
let S, Z £ 2?{uj(jX\X) and S C Z. The case when 5 = holds trivially. Assume 
that 5 ^ 0. We consider the following cases. 
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Case 1: Suppose that Q £ Z. Then ^ S and we have 

*P(S) = 4>(S) c <f>(z) = *i>{z). 

Case 2: Suppose that fl ^ S but f2 G Z. Let 

oo 

Z = (uaX\X)\ |J 

with Z„ G for all n G N. Then, since 5" C Z we have 5flZ n = 

0, and therefore <p(S) D <f>(Z n ) = for all n G N. Thus 

OO 

= <P(S) c (w«7y\y)\ |J #z„) - W 

n=l 

Case 3: Suppose that fi € S. Then e Z. Let 

oo oo 

S = (ujcrX\X)\ (J 5„ and Z = (wctX\X)\ (J Z„ 

n— 1 n— 1 

where S n ,Z n G jT(u;crX\X) for all n G N. Therefore 

OO OO 

S = 5 n Z = (fuaX\X)\ [j S„) n ((wal\l)\ Q Z n 

n— 1 n— 1 

oo 

= (J (S n U Z n ). 

n=l 

Thus, since 4>(Z n ) C 0(5 n U Z n ) for all n G N, we have 

oo oo 

i/>(S) = (uaY\Y)\ |J <t>(S n U Z n ) C (wtrF\y)\ (J 0(Z„) = 

n— 1 n— 1 

This shows that ^ is an order-homomorphism. To show that tp is an order- 
isomorphism, we note that 

0- 1 : {®Y{£f oca i-v{Y)),Q) -> (6x(d- P (^)).C) 

is an order-isomorphism. Let 

7 : (^(wo-YVn, C ) -> (J( W( tX\1), C ) 

be the induced order-homomorphism which is defined as above. Then it is straight- 
forward to see that 7 = tp~ 1 j that is, ip is an order-isomorphism. This implies the ex- 
istence of a homeomorphism / : uaX\X — > uiaY\Y such that f(Z) = ip(Z) for ev- 
ery Z G 3f(uaX\X). Therefore, for any countable GCI, since X^ G 3f{uaX\X), 
we have 

f(X* G ) = V(X£) = c crF\y. 

Thus f{aX\X) C o-y\r, which shows that /(Q) = ft'. Therefore aX\X and 
ay\y are homeomorphic. □ 

Example 3.19. The Lindelof property and the linearly Lindelof property (besides 
cr-compactness itself) are examples of topological properties V satisfying the as- 
sumption of Theorem 13.161 To see this, let X be a locally compact paracompact 
space. Assume a representation for X as in Notation 12.91 Recall that a Hausdorff 
space X is said to be linearly Lindelof [6 provided that every linearly ordered (by 
set inclusion C) open cover of X has a countable subcover, equivalently, if every 
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uncountable subset of X has a complete accumulation point in X. (Recall that a 
point i £ I is called a complete accumulation point of a set A C X if for every 
neighborhood (/ of i in I we have \U H j4| = \A\.) Note that if X is non-cr- 
compact then (using the notation of Notation 12 -9[) the set / is uncountable. Let 
A = {xi : i E 1} where Xi £ Xi for each i e /. Then A is an uncountable subset of 
X without (even) accumulation points. Thus X cannot be linearly Lindeldf as well. 
For the converse, note that if X is not linearly Lindelof, then, obviously, X is not 
Lindelof, and therefore, is non-cr-compact, as it is well-known that tr-compactness 
and the Lindeldf property coincide in the realm of locally compact paracompact 
spaces (this fact is evident from the representation given for X in Notation l2.9p . 

Theorem l3.16l might leave the impression that (S'^(X), <) and i oca i--p{X) , <) 
are order-isomorphic. The following is to settle this, showing that in most cases 
this indeed is not going to be the case. 

Theorem 3.20. Let X be a locally compact paracompact (non-compact) space and 
let V be a closed hereditary topological property of compact spaces which is preserved 
under finite sums of subspaces and coincides with a -compactness in the realm of 
locally compact paracompact spaces. The following are equivalent: 

(1) X is a-compact. 

(2) (S'^(X), <) and (£ * ocal _ v (X) , <) are order-isomorphic. 

Proof. Since X is locally compact, the set X* is closed in (the normal space) j3X 
and thus, using the Tietze-Urysohn Theorem, every zero-set of X* is extendible to 
a zero-set of j3X . Now if X is er-compact (since X is also locally compact) we have 
X* 6 3f(f3X) and therefore every zero-set of X* is a zero-set of (3X. Note that 
X-pX = aX = PX. Thus using Lemmas 13.101 and 13.111 we have 

9x{f£(X)) = iTpT*)\{0} = 6,(^^(1)) 

from which it follows that 

S v (X) = S* oeal _ v (X). 

If X is non-cr-compact, then any two elements of S^{X) has a common upper 
bound while this is not the case for S 'i* oca i—-p(X) . To see this, note that by Lemma 
13.101 the set Qxi^-p (X)) is closed under finite intersections (note that the finite 
intersections are non-empty, as they contain (3X\o~X and the latter is non-empty, as 
X is non-cr-compact) while there exist (at least) two elements in ®x(£'* oca i_-p(X)) 
with empty intersection; simply consider X* and X* for some distinct i,j G / (we 
are assuming the representation for X given in Notation 12. 9|) . □ 

We conclude this article with the following. 

Project 3.21. Let X be a (locally compact paracompact) space and let V be 
a (closed hereditary) topological property (of compact spaces which is preserved 
under finite sums of subspaces and coincides with cr-compactness in the realm of 
locally compact paracompact spaces). Explore the relationship between the order 
structures of (#£{X), <) and {(^ i* ocal _ v {X) , <). 
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